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I. AN OVERVIEW achieved only for curves, he extends the functor H to all generalized representations of π 1 (X K , x) by descent. Indeed, every generalized representation becomes small over a finite étale cover of X K .
I.1.4. Our new approach, which works in arbitrary dimension, allows us to define the functor H on the category of generalized representations of π 1 (X K , x) satisfying an admissibility condition à la Fontaine, called Dolbeault generalized representations. For this purpose, we introduce a family of period rings that we call Higgs-Tate algebras, and that are the main novelty of our approach compared to that of Faltings. We show that the admissibility condition for rational coefficients corresponds to the smallness condition of Faltings; but it is strictly more general for integral coefficients. Note that Faltings' construction for small rational coefficients is limited to curves and that it presents a number of difficulties that can be avoided with our approach.
I.1.5. We proceed in two steps. We first study in Chapter II the case of an affine scheme of a certain type, called also small by Faltings. We then tackle in Chapter III the global aspects of the theory. The general construction is obtained from the affine case using a gluing technique presenting unexpected difficulties. To do this we will use the Faltings topos, a fibered variant of Deligne's notion of covanishing topos, which we develop in Chapter VI.
I.1.6. This introductory chapter offers, in a geometric situation simplified for the clarity of the exposition, a detailed summary of the global steps leading to our main results. Let us take a quick look at its contents. We begin, in I.3, with a short aside on small generalized representations in the affine case, which will be used as intermediary for the study of Dolbeault representations. Section I.4 summarizes the local study conducted in Chapter II. We introduce the notion of generalized Dolbeault representation for a small affine scheme and the companion notion of solvable Higgs module, and then construct a natural equivalence between these two categories. We in fact develop two variants, an integral one and a more subtle rational one. We establish links between these notions and Faltings smallness conditions. We also link this to Hyodo's theory [43] . The global aspects of the theory developed in Chapter III are summarized in Sections I.5 and I.6. After a short introduction to Faltings' ringed topos in I.5, we introduce the Higgs-Tate algebras (I.5.13). The notion of Dolbeault module that globalizes that of generalized Dolbeault representation and the companion notion of solvable Higgs bundle are defined in I.6.13. Our main result (I.6.18) is the equivalence of these two categories. For the proof of this result, we need acyclicity statements for the Higgs-Tate algebras that we give in I.6.5 and I.6.8, which also allow us to show the compatibility of this equivalence with the relevant cohomologies on each side (I.6.19). We also study the functoriality of the various introduced properties by étale morphisms (I.6.21), as well as their local character for the étale topology (I.6.22, I.6.23, I.6.24) . Finally, we return in this global situation to the logical links (I.6.26, I.6.27, I.6.28), for a Higgs bundle, between smallness (I.6.25) and solvability.
At the beginning of Chapters II and III, the reader will find a detailed description of their structure. Chapter VI, which is of separate interest, has its own introduction.
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I.2. Notation and conventions
All rings in this chapter have an identity element; all ring homomorphisms map the identity element to the identity element. We mostly consider commutative rings, and rings are assumed to be commutative unless stated otherwise; in particular, when we take a ringed topos (X, A), the ring A is assumed to be commutative unless stated otherwise.
I.2.1. In this introduction, K denotes a complete discrete valuation ring of characteristic 0, with perfect residue field k of characteristic p > 0, O K the valuation ring of K, K an algebraic closure of K, O K the integral closure of O K in K, O C the padic Hausdorff completion of O K , and C the field of fractions of O C . From I.5 on, we will assume that k is algebraically closed. We set S = Spec(O K ), S = Spec(O K ), anď S = Spec(O C ). We denote by s (resp. η, resp. η) the closed point of S (resp. the generic point of S, resp. the generic point of S). For any integer n ≥ 1 and any S-scheme X, we set
For any abelian group M , we denote by M its p-adic Hausdorff completion.
I.2.2. Let G be a profinite group and A a topological ring endowed with a continuous action of G by ring homomorphisms. An A-representation of G consists of an A-module M and an A-semi-linear action of G on M , that is, such that for all g ∈ G, a ∈ A, and m ∈ M , we have g(am) = g(a)g(m). We say that the A-representation is continuous if M is a topological A-module and if the action of G on M is continuous. Let M , N be two A-representations (resp. two continuous A-representations) of G. A morphism from M to N is a G-equivariant and A-linear (resp. G-equivariant, continuous, and A-linear) morphism from M to N . I.2.3. Let (X, A) be a ringed topos and E an A-module. A Higgs A-module with coefficients in E is a pair (M, θ) consisting of an A-module M and an A-linear morphism θ : M → M ⊗ A E such that θ ∧ θ = 0 (cf. II.2.8). Following Simpson ([68] p. 24), we call Dolbeault complex of (M, θ) and denote by K
• (M, θ) the complex of cochains of A-modules It is integrable if ∇ • ∇ = 0 (cf. II.2.10). We will leave the extension B/A out of the terminology when there is no risk of confusion.
Classically, 1-connections are called connections. Integrable 0-connections are the Higgs B-fields with coefficients in Ω 1 B/A . Remark I.2.5. Let (X, A) be a ringed topos, B an A-algebra, λ ∈ Γ(X, A), and (M, ∇) a module with λ-connection with respect to the extension B/A. Suppose that there exist an A-module E and a B-linear isomorphism γ :
B/A such that for every local section ω of E, we have d(γ(ω ⊗ 1)) = 0. The λ-connection ∇ is integrable if and only if the morphism θ : M → E ⊗ A M induced by ∇ and γ is a Higgs A-field on M with coefficients in E (cf. II.2.12).
I.2.6. If C is an additive category, we denote by C Q and call category of objects of C up to isogeny the category with the same objects as C , and such that the set of morphisms between two objects is given by (I.2.6.1)
The category C Q is none other than the localized category of C with respect to the multiplicative system of the isogenies of C (cf. III.6.1). We denote by
the localization functor. If C is an abelian category, the category C Q is abelian and the localization functor (I.2.6.2) is exact. Indeed, C Q identifies canonically with the quotient of C by the thick subcategory of objects of finite exponent (III.6.1.4).
I.2.7. Let (X, A) be a ringed topos. We denote by Mod(A) the category of Amodules of X and by Mod Q (A), instead of Mod(A) Q , the category of A-modules up to isogeny (I.2.6). The tensor product of A-modules induces a bifunctor
into a symmetric monoidal category with A Q as unit object. The objects of Mod Q (A) will also be called A Q -modules. This terminology is justified by considering A Q as a monoid of Mod Q (A).
I.2.8. Let (X, A) be a ringed topos and E an A-module. We call Higgs A-isogeny with coefficients in E a quadruple
consisting of two A-modules M and N and two A-linear morphisms u and θ satisfying the following property: there exist an integer n = 0 and an A-linear morphism v :
are Higgs A-modules with coefficients in E (I.2.3). Note that u induces an isogeny of
We denote by HI(A, E) the category of Higgs A-isogenies with coefficients in E. It is an additive category. We denote by HI Q (A, E) the category of objects of HI(A, E) up to isogeny.
I.2.9. Let (X, A) be a ringed topos, B an A-algebra, and λ ∈ Γ(X, A). We call λ-isoconnection with respect to the extension B/A (or simply λ-isoconnection when there is no risk of confusion) a quadruple
where M and N are B-modules, u is an isogeny of B-modules (III.6.1), and ∇ is an A-linear morphism such that for all local sections x of B and t of M , we have
For every B-linear morphism v : N → M for which there exists an integer n such that
I.3. Small generalized representations I.3.1. In this section, we fix a smooth affine S-scheme X = Spec(R) such that X η is connected and X s is nonempty, an integer d ≥ 1, and an étale S-morphism
. This is the typical example of a Faltings' small affine scheme. The assumption that X η is connected is not necessary but allows us to simplify the presentation. The reader will recognize the logarithmic nature of the datum (I.3.1.1). Following [27], we consider in this work a more general smooth logarithmic situation, which turns out to be necessary even for defining the p-adic Simpson correspondence for a proper smooth curve over S. Indeed, in the second step of the descent, we will need to consider finite covers of its generic fiber, which brings us to the case of a semi-stable scheme over S. Nevertheless, to simplify the presentation, we will restrict ourselves in this introduction to the smooth case in the usual sense (cf. II.6.2 for the logarithmic smooth affine case). We denote by t i the image of T i in R (1 ≤ i ≤ d), and we set
I.3.2. Let y be a geometric point of X η and (V i ) i∈I a universal cover of X η at y. We denote by ∆ the geometric fundamental group π 1 (X η , y). For every i ∈ I, we denote by X i = Spec(R i ) the integral closure of X in V i , and we set (I.3.2.1) 
We define the notion of small R 1 -representation of ∆ ∞ similarly. The functor
from the category of small R 1 -representations of ∆ ∞ to that of small R-representations of ∆ is then an equivalence of categories (cf. II.14.4). This is a consequence of Faltings' almost purity theorem (cf. II.6.16; [26] § 2b).
we can consider the logarithm of ϕ, which is a homomorphism from ∆ ∞ to End R1 (M ). By fixing a Z p -basis ζ of Z p (1), the latter can be written uniquely as
that gives its action on the system (t (n) i ) n∈N , and θ i is an R 1 -linear endomorphism of M . We immediately see that
3) (to simplify we will say with coefficients in
is in fact an equivalence of categories between the category of small R 1 -representations of ∆ ∞ and that of small Higgs R 1 -modules with coefficients in Ω 1 R/O K (−1) (that is, the category of Higgs R 1 -modules with coefficients in Ω 1 R/O K (−1) whose underlying R 1 -module is free of finite type and whose Higgs field is zero modulo p 2α for a rational number α > 1 p−1 ). Combining this with the previous descent statement (I.3.2.2), we obtain an equivalence between the category of small R-representations of ∆ and that of small Higgs R 1 -modules with coefficients in
, which excludes any globalization. To remedy this defect, Faltings proposes another equivalent definition that depends on another choice that can be globalized easily. Our approach, which is the object of the remainder of this introduction, was inspired by this construction.
I.4. The torsor of deformations I.4.1. In this section, we are given a smooth affine S-scheme X = Spec(R) such that X η is connected, X s is nonempty, and that there exist an integer d ≥ 1 and an étale S-morphism X → G I.4. THE TORSOR OF DEFORMATIONS 7 point y of X η and a universal cover (V i ) i∈I of X η at y, and we use the notation of I.3.2: 
and denote also by θ : A 2 (R A ) → A the homomorphism induced by θ.
For the remainder of this chapter, we fix a sequence (p n ) n∈N of elements of O K such that p 0 = p and p p n+1 = p n for every n ≥ 0. We denote by p the element of R O K induced by the sequence (p n ) n∈N and set
where [ ] is the multiplicative representative. The sequence
is exact (II.9.5). It induces an exact sequence
where ·ξ again denotes the morphism deduced from the morphism of multiplication by
It is a free O C -module with basis ξ. It will be denoted by ξO C . Note that unlike ξ, this module does not depend on the choice of the sequence (p n ) n∈N . We denote by ξ
simply by ξM and ξ −1 M , respectively. Likewise, we have an exact sequence (II.9.11.2)
The ideal ker(θ) of A 2 (R) has square zero. It is a free R-module with basis ξ, canonically isomorphic to ξ R. The group ∆ acts by functoriality on A 2 (R).
I.4.3. From now on, we fix a smooth A 2 (S)-deformation X ofX, that is, a smooth A 2 (S)-scheme X that fits into a Cartesian diagram
This additional datum replaces the datum of an étale S-morphism X → G d m,S ; in fact, such a morphism provides a deformation.
We set
We identify the dual R-module with ξ
.2) and denote by T the associated Y -vector bundle, in other words,
We denote by L (U ) the set of morphisms represented by dotted arrows that complete the diagram
in such a way that it remains commutative. The functor U → L (U ) is a T -torsor for the Zariski topology of Y . We denote by F the R-module of affine functions on L (cf. II.4.9). The latter fits into a canonical exact sequence (II.4.9.1)
This sequence induces for every integer n ≥ 1 an exact sequence
The R-modules (Sym n R (F )) n∈N therefore form a filtered direct system whose direct limit
is naturally endowed with a structure of R-algebra. By II.4.10, the Y -scheme
is naturally a principal homogeneous T-bundle on Y that canonically represents L . The natural action of ∆ on the scheme A 2 (Y ) induces an R-semi-linear action of ∆ on F , such that the morphisms in sequence (I.4.3.5) are ∆-equivariant. From this we deduce an action of ∆ on C by ring automorphisms, compatible with its action on R, which we call canonical action. These actions are continuous for the p-adic topologies (II.12.4). The R-algebra C , endowed with the canonical action of ∆, is called the HiggsTate algebra associated with X. The R-representation F of ∆ is called the Higgs-Tate extension associated with X.
is, a Higgs R 1 -module with coefficients in ξ
whose underlying R 1 -module is free of finite type and whose Higgs field is zero modulo p α for a rational number α > 1 p−1 ) and let ψ ∈ L ( Y ). For every σ ∈ ∆, we denote by σ ψ the section of L ( Y ) © Copyright, Princeton University Press. No part of this book may be distributed, posted, or reproduced in any form by digital or mechanical means without prior written permission of the publisher.
For general queries, contact webmaster@press.princeton.edu
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defined by the commutative diagram
The difference D σ = ψ − σ ψ is an element of Hom
We then obtain a small R-representation of ∆ on M ⊗ R1 R. The resulting correspondence is in fact an equivalence of categories from the category of small Higgs R 1 -modules with coefficients in ξ
It is essentially a quasi-inverse of the equivalence of categories defined in I.3.3.
To avoid the choice of a section ψ of L ( Y ), we can carry out the base change from R to C and use the diagonal embedding of L. In this setting, the previous construction can be interpreted following the classic scheme of correspondences introduced by Fontaine (or even the more classic complex analytic Riemann-Hilbert correspondence) by taking for period ring making the link between generalized representations and Higgs modules a weak p-adic completion C † of C (the completion is made necessary by the exponential). With this ring is naturally associated a notion of admissibility; it is the notion of generalized Dolbeault representation. Before developing this approach, we will say a few words about the ring C that can itself play the role of period ring between the generalized representations and Higgs modules. Indeed, C is an integral model of the Hyodo ring (cf. (I.4.6.1) and II.15.6), which explains the link between our approach and that of Hyodo.
I.4.5. Recall that Faltings has defined a canonical extension of R-representations of π 1 (X, y)
where ρ is an element of O K of valuation ≥ 1 p−1 that plays an important role in his approach to p-adic Hodge theory (cf. II.7.22). We show in II.10.19 that there exists a ∆-equivariant and R-linear morphism (I.4.5.2) p
where c is the isomorphism induced by the canonical isomorphism R(1) II.9.18 ). The morphism (I.4.5.2) is canonical if we take for X the deformation induced by an étale S-morphism X → G d m,S . It is important to note that in the logarithmic setting that will be considered in this work, the Faltings extension changes form slightly because the factor ρ −1 R is replaced by (πρ) −1 R, where π is a uniformizer for R. an R-algebra C HT using a direct limit analogous to (I.4.3.7). Note that p being invertible in C HT , this is equivalent to beginning with E ⊗ Zp Q p , which corresponds to Hyodo's original definition. The morphism (I.4.5.2) therefore induces a ∆-equivariant isomorphism of R-algebras
For every continuous Q p -representation V of Γ = π 1 (X, y) and every integer i, Hyodo defines the R[
The representation V is called Hodge-Tate if it satisfies the following conditions: (i) V is a Q p -vector space of finite dimension, endowed with the p-adic topology.
(ii) The canonical morphism
I.4.7. For any rational number r ≥ 0, we denote by F (r) the R-representation of ∆ deduced from F by inverse image under the morphism of multiplication by p r on
For every integer n ≥ 1, this sequence induces an exact sequence
The R-modules (Sym n R (F (r) )) n∈N therefore form a filtered direct system, whose direct
is naturally endowed with a structure of R-algebra. The action of ∆ on F (r) induces an action on C (r) by ring automorphisms, compatible with its action on R, which we call canonical action. The R-algebra C (r) endowed with this action is called the HiggsTate algebra of thickness r associated with X. We denote by C (r) the p-adic Hausdorff completion of C (r) that we always assume endowed with the p-adic topology. For all rational numbers r ≥ r ≥ 0, we have an injective and ∆-equivariant canonical R-homomorphism α r,r : C (r ) → C (r) . One easily verifies that the induced homomorphism h r,r α : C (r ) → C (r) is injective. We set (I.4.7.4)
which we identify with a sub-R-algebra of C = C (0) . The group ∆ acts naturally on C † by ring automorphisms, in a manner compatible with its actions on R and on C . We denote by
the universal R-derivation of C (r) and by
its extension to the completions (note that the R-module Ω 1 R/O K is free of finite type).
The derivations d C (r) and d C (r) are ∆-equivariant. They are also Higgs R-fields with
For all rational numbers r ≥ r ≥ 0, we have
The derivations p r d C (r) therefore induce an R-derivation
that is none other than the restriction op d C to C † .
I.4.8. For any R-representation M of ∆, we denote by H(M ) the Higgs R 1 -module with coefficients in ξ
and by the Higgs field induced by d C † . For every Higgs R 1 -module (N, θ) with coefficients
where θ tot = θ ⊗ id + id ⊗ d C † , and by the action of ∆ induced by its canonical action on C † . In order to make the most of these functors we establish acyclicity results for C † ⊗ Zp Q p for the Dolbeault cohomology (II.12.3) and for the continuous cohomology of ∆ (II.12.5), slightly generalizing earlier results of Tsuji (cf. IV).
A continuous R-representation M of ∆ is called Dolbeault if it satisfies the following conditions (cf. II.12.11):
(i) M is a projective R-module of finite type, endowed with the p-adic topology; (ii) H(M ) is a projective R 1 -module of finite type; (iii) the canonical C † -linear morphism
is an isomorphism.
A Higgs R 1 -module (N, θ) with coefficients in ξ −1 Ω We show that small R-representations of ∆ are Dolbeault (II.14.6), that small Higgs R 1 -modules are solvable (II.13.20), and that V and H induce equivalences of categories quasi-inverse to each other between the categories of these objects (II.14.7). We in fact recover the correspondence defined in I.3.3, up to renormalization (cf. II.13.18).
I.4.9. We define the notions of Dolbeault R[ Unlike the integral case, the rational admissibility conditions can be interpreted in terms of divisibility conditions. More precisely, we say that a continuous R[ 
. Moreover, the isomorphism (I.4.13.1) is canonical if we take for X the deformation induced by an étale S-morphism X → G I.5. Faltings ringed topos I.5.1. We will tackle in Chapter III the global aspects of the theory in a logarithmic setting. However, in order to maintain a simplified presentation, we again restrict ourselves here to the smooth case in the usual sense (cf. III.4.7 for the smooth logarithmic case). In the remainder of this introduction, we suppose that k is algebraically closed and we denote by X a smooth S-scheme of finite type. From I.5.12 on, we will moreover suppose that there exists a smooth A 2 (S)-deformation X ofX that we will fix. I.5.2. The first difficulty we encounter in gluing the local construction described in I.4 is the sheafification of the notion of generalized representation. To do this, we use the Faltings topos, a fibered variant of Deligne's notion of covanishing topos that we develop in Chapter VI. We denote by E the category of morphisms of schemes V → U over the canonical morphism X η → X, that is, the commutative diagrams
such that the morphism U → X is étale and that the morphism V → U η is finite étale. It is fibered over the categoryÉt /X of étale X-schemes, by the functor
The fiber of π over an étale X-scheme U is the categoryÉt f/Uη of finite étale schemes over U η , which we endow with the étale topology. We denote by U η,fét the topos of We endow E with the covanishing topology generated by the coverings {(V i → U i ) → (V → U )} i∈I of the following two types:
(v) U i = U for every i ∈ I, and (V i → V ) i∈I is a covering; (c) (U i → U ) i∈I is a covering and
The resulting covanishing site E is also called Faltings site of X. We denote by E and call Faltings topos of X the topos of sheaves of sets on E. We refer to Chapter VI for a detailed study of this topos. Let us give a practical and simple description of E.
Proposition I.5.3 (cf. VI.5.10). Giving a sheaf F on E is equivalent to giving, for every object U ofÉt /X , a sheaf F U of U η,fét , and for every morphism f : U → U ofÉt /X , a morphism F U → f fét * (F U ), these morphisms being subject to compatibility relations such that for every covering family (f n : U n → U ) n∈Σ ofÉt /X , if for any (m, n) ∈ Σ 2 , we set U mn = U m × U U n and denote by f mn : U mn → U the canonical morphism, the sequence of morphisms of sheaves of U η,fét
is exact.
From now on, we will identify every sheaf F on E with the associated functor {U → F U }, the sheaf F U being the restriction of F to the fiberÉt f/Uη of π over U . I.5.4. The canonical injection functorÉt f/Xη → E is continuous and left exact (VI.5.32). It therefore defines a morphism of topos (I.5.4.1)
Likewise, the functor
is continuous and left exact (VI.5.32). It therefore defines a morphism of topos (I.5.4.3) σ : E → Xé t .
I.5.5. Let x be a geometric point of X and X the strict localization of X at x. We denote by E the Faltings site associated with X , by E the topos of sheaves of sets on E , and by (I.5.5.1)
β : E → X η,fét the canonical morphism (I.5.4.1). We prove in VI.10.27 that the functor β * is exact. This property is crucial for the study of the main sheaves of the Faltings topos considered in this work. The canonical morphism X → X induces, by functoriality, a morphism of topos (VI.10.12) (I.5.5.2) Φ : E → E.
We denote by (I.5.5.3)
We denote by V x the category of x-pointed étale X-schemes, or, equivalently, the category of neighborhoods of x in the siteÉt /X . For every object (U, ξ : x → U ) of V x , we denote also by ξ : X → U the X-morphism induced by ξ. We prove in VI.10.37 that for every sheaf F = {U → F U } of E, we have a functorial canonical isomorphism
Assume that x is over s. We prove (III.3.7) that X is normal and strictly local (and in particular integral). Let y be a geometric point of X η (which is integral), B π1(X η ,y) the classifying topos of the fundamental group π 1 (X η , y), and (I.5.5.5)
the fiber functor at y (VI.9.8.4). The composed functor (I.5.5.6)
where the last arrow is the forgetful functor of the action of π 1 (X η , y), is a fiber functor (VI.10.31 and VI.9.9). It corresponds to a point of geometric origin of the topos E, denoted by ρ(y x) (cf. III.8.6).
Theorem I.5.6 (cf. VI.10.30). Under the assumptions of I.5.5, for every abelian sheaf F of E and every integer i ≥ 0, we have a functorial canonical isomorphism (I.5.4.3) (I.5.6.1)
Corollary I.5.7. We keep the assumptions of I.5.5 and moreover assume that x is over s. Then, for every abelian sheaf F of E and for every integer i ≥ 0, we have a canonical functorial isomorphism
Proposition I.5.8 (cf. VI.10.32). When x goes through the set of geometric points of X, the family of functors ϕ x (I.5.5.3) is conservative.
I.5.9. For every object (V → U ) of E, we denote by U V the integral closure of U = U × S S in V and we set (I.5.9.1)
. We thus define a presheaf of rings on E, which turns out to be a sheaf (III.8.16). Note that B is not in general a sheaf for the topology of E originally defined by Faltings in ([26] page 214) (cf. III.8.18). For every U ∈ Ob(Ét /X ), we denote by B U the restriction of B to the fiberÉt f/Uη of π over U , so that B = {U → B U }. In I.5.10 below, we give an explicit description of this sheaf. For any integer n ≥ 0, we set
Note that the correspondence {U → B U,n } naturally forms a presheaf on E whose associated sheaf is canonically isomorphic to B n . It is in general difficult, if not impossible, to describe explicitly the restrictions of B n to the fibers of the functor π (I.5.2.2). However, its images by the fiber functors (I.5.5.6) are accessible (III.10.8.5).
We denote by : X → X the canonical projection (I.2.1.1) and by (I.5.9.4)
I. AN OVERVIEW the homomorphism defined for every U ∈ Ob(Ét /X ) by the canonical homomorphism (I.5.9.5)
Unless explicitly stated otherwise, we consider σ : E → Xé t (I.5.4.3) as a morphism of ringed topos (by B and * (O X ), respectively).
I.5.10. Let U be an object ofÉt /X , y a geometric point of U η , and V the connected component of U η containing y. We denote by B π1(V,y) the classifying topos of the fundamental group π 1 (V, y), by (V i ) i∈I the normalized universal cover of V at y (VI.9.8), and by (I.5.10.1)
the fiber functor at y. For every i ∈ I, (V i → U ) is naturally an object of E. We can therefore consider the inverse system of schemes (U Vi ) i∈I . We set
which is a ring of B π1(V,y) . By III.8.15, we have a canonical isomorphism of B π1(V,y)
I.5.11. Since X η is a subobject of the final object X of Xé t , σ * (X η ) is a subobject of the final object of E. We denote by (I.5.11.1) γ : E /σ * (Xη) → E the localization morphism of E at σ * (X η ). We denote by E s the closed subtopos of E complement of σ * (X η ), that is, the full subcategory of E made up of the sheaves F such that γ * (F ) is a final object of E /σ * (Xη) , and by (I.5.11.2) δ : E s → E the canonical embedding, that is, the morphism of topos such that δ * : E s → E is the canonical injection functor. There exists a morphism (I.5.11.3) σ s : E s → X s,ét , unique up to isomorphism, such that the diagram
where ι : X s → X is the canonical injection, is commutative up to isomorphism (cf. III.9.8).
For every integer n ≥ 1, if we identify the étale topos of X s and X n (I.2.1.1) (k being algebraically closed), the morphism σ s and the homomorphism (I.5.9.4) induce a morphism of ringed topos (III.9.9) (I.5.11.5)
I.5.12. For the remainder of this introduction, we assume that there exists a smooth A 2 (S)-deformation X ofX that we fix (cf. (I.2.1.1) and I.4.2 for the notation):
Let Y = Spec(R) be a connected affine object ofÉt /X admitting an étale S-morphism to 
For every rational number r ≥ 0, we denote by F 
This induces, for every integer m ≥ 1, an exact sequence of B Y,n -modules
Y,n )) m∈N therefore form a direct system whose direct limit (I.5.12.6) C (r)
is naturally endowed with a structure of B Y,n -algebra of Y η,fét . For all rational numbers r ≥ r ≥ 0, we have a canonical B Y,n -linear morphism III.10.19) . Since this subcategory is clearly topologically generating in E, we can consider the associated sheaves in E
These are in fact a B n -module and a B n -algebra of E s (III.10.22). We call F (r) n the Higgs-Tate B n -extension of thickness r and call C (r) n the Higgs-Tate B n -algebra of thickness r associated with X. We have a canonical exact sequence of B n -modules (I.5.11.5)
In III.10.29 we describe explicitly the images of F 
The universal B n -derivation of C (r) n corresponds through this isomorphism to the unique B n -derivation
). For all rational numbers r ≥ r ≥ 0, we have (I.5.13.8)
I.5.14. The inverse systems of objects of E s (I.5.4) indexed by the ordered set of natural numbers N form a topos that we denote by E N • s . Section III.7 contains useful results for this type of topos. We denote byB the ring (B n+1 ) n∈N of E n+1 ) n∈N are inverse systems. We call Higgs-TateB-extension of thickness r associated with X, and denote byF (r) , theB-module (F
We call Higgs-TateB-algebra of thickness r associated with X and denote byC (r) , thȇ
s . These are adicB-modules. We have an exact sequence of B-modules
For all rational numbers r ≥ r ≥ 0, the homomorphisms (α r,r n ) n∈N induce a homomorphism ofB-algebras (I.5.14.4)α r,r :C (r) →C (r ) .
For all rational numbers r ≥ r ≥ r ≥ 0, we have (I.5.14.5)α r,r =α r ,r •α r,r .
The derivations (d
that is none other than the universalB-derivation ofC (r) . For all rational numbers r ≥ r ≥ 0, we have (I.5.14.7) p r−r (id ⊗α r,r ) •d (r) =d (r ) •α r,r .
I.6. Dolbeault modules I.6.1. We keep the hypotheses and notation of I.5 in this section. We set S = Spf(O C ) and denote by X the formal scheme p-adic completion of X and by ξ and the boundary map of the long exact sequence of cohomology deduced from the canonical exact sequence (I.6.1.6) 0 →B →F →σ
Note that the morphism (I.6.1.7)
adjoint to (I.6.1.5), is an isomorphism (III.11.2.6). 
whose component in degree one is the morphism δ ⊗ Zp Q p (I.6.1.4).
This statement is the key step in Faltings' approach in p-adic Hodge theory. We encounter it here and there in different forms. Its local Galois form (II.8.21) is a consequence of Faltings' almost purity theorem (II.6.16). The global statement has an integral variant (III.11.3) that follows from the local case by localization (I.5.7). The local Galois variant of this statement (II.12.5) is mainly due to Tsuji (IV.5.3.4).
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For general queries, contact webmaster@press.princeton.edu equipped with an exponent . The morphism g defines by functoriality a morphism of ringed topos (III.8.20) (I.6.20.2) Φ : ( E , B ) → ( E, B).
We prove in III.8.21 that Φ identifies with a localization morphism of ( E, B) at σ * (X ). We denote by g : X → X the extension of g : X → X to the p-adic completions. 
